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MEAN CURVATURE, VOLUME AND PROPERNESS OF ISOMETRIC
IMMERSIONS
VICENT GIMENO* AND VICENTE PALMER**
ABSTRACT. We explore the relation among volume, curvature and properness of a m-
dimensional isometric immersion in a Riemannian manifold. We show that, when the
Lp-norm of the mean curvature vector is bounded for some m ≤ p ≤ ∞, and the ambient
manifold is a Riemannian manifold with bounded geometry, properness is equivalent to
the finiteness of the volume of extrinsic balls. We also relate the total absolute curvature of
a surface isometrically immersed in a Riemannian manifold with its properness. Finally,
we relate the curvature and the topology of a complete and non-compact 2-Riemannian
manifold M with non-positive Gaussian curvature and finite topology, using the study of
the focal points of the transverse Jacobi fields to a geodesic ray in M . In particular, we
have explored the relation between the minimal focal distance of a geodesic ray and the
total curvature of an end containing that geodesic ray.
1. INTRODUCTION
In 1965, E. Calabi stated in [5] the following conjecture, (also known as “the first Cal-
abi’s conjecture”): prove that a complete minimal hypersurface in Rn must be unbounded.
This conjecture turned to be false when we consider immersed hypersurfaces: in the paper
[28], N. Nadirashvili constructed a complete immersion of a minimal disk into the unit ball
in R3. Nadirashvili’s complete immersion is not proper, so it is natural to wonder about
the roˆle of properness in relation with the first Calabi’s conjecture.
In fact, in the paper [11], T. H. Colding and W. P. Minicozzi studied the following
question (also known as the Calabi-Yau conjecture): Prove that every complete embedded
minimal surface in R3 is proper.
In [11] the authors proved that a complete embedded minimal disk inR3 must be proper,
so the first Calabi’s conjecture is true for embedded minimal disks. Moreover they proved
that a complete embedded minimal surface with finite topology, (namely, homeomorphic
to a compact 2-dimensional manifold, from which it has been removed a finite number of
points, which corresponds to the number of ends of the surface), is properly immersed in
R3.
On the other hand, W. H. Meeks and H. Rosenberg proved in the paper [25] that a com-
plete embedded minimal surface with positive injectivity radius in R3 must be proper. This
result includes Colding’s-Minicozzi result because they proved too in this paper that ev-
ery complete embedded minimal surface with finite topology in R3 has positive injectivity
radius. We shall extract the intrinsic aspects of this proof (see Lemma 4.1) to show our
Theorem 1.4.
More recently, Calabi-Yau’s conjecture has been explored in broader contexts, namely,
W. H. Meeks, J. Perez and A. Ros have proved, (see [26]), that Calabi-Yau conjecture is
true when we consider embedded minimal surfaces with finite genus and countable number
of ends in R3. On the other hand, B. Coskunuzer, W. H. Meeks and G. Tinaglia proved that
Calabi-Yau conjecture is not true in H3: there exists a non properly embedded minimal
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plane (genus zero, one end) in H3, (see [13]). In this way, M. Rodriguez and G. Tinaglia
have constructed a family of non-proper complete minimal disks with finite total curva-
ture in the quotient of H2 × R by the discrete group of isometries generated by vertical
translations and screw motions, which are embedded in H2 × R, (see the paper [30]).
Taking as a starting point all these results, several questions arises in a natural way, e.g.,
what happens when we consider non minimal surfaces (or submanifolds) immersed in a
more general ambient space?. Or, could the embeddedness of the immersion be replaced
by another hypothesis related with the volume or the metric?. Summarizing: what can be
said about geometric conditions describing the properness of an immersion in a broader
context?
Looking for these geometric conditions and given an isometric immersion ϕ : Pm →
Nn, where Pm and Nn are complete Riemannian manifolds, a quite natural assumption
to be considered is following
(1.1) Vol(ϕ−1(BNt )) <∞, ∀t > 0 .
WhereBNt is the geodesic t-ball in the ambient manifoldN . The domainsDt = ϕ
−1(BNt )
are known as the extrinsic t-balls.
In fact, when the ambient manifold is complete, inequality (1.1) is a necessary condition
for properness. However, it is not a sufficient condition: consider e. g. a negatively curved
and non-compact surface with finite volume which can be immersed (via Nash immersion
theorem) in a metric ball in RN for large N .
On the other hand there are immediate examples of proper non-embedded minimal sur-
faces in R3, such as Enneper’s surface or proper minimal surfaces with infinite topology,
such the 1-periodic Scherk’s surface which in its turn satisfies inequality (1.1).
We can find in the very recent literature, (see Remark 4 in [24]), the proof that inequality
(1.1) satisfied by the extrinsic ballsDt of a minimal immersion ϕ : Pm → Nn in a Cartan-
Hadamard manifold Nn with sectional curvatures bounded from above KN ≤ b ≤ 0
implies the properness of Pm. An older reference of the same result, but for minimal
surfaces in R3 with finite topology can be found in Theorem 3 in [9].
Concerning the techniques used, the proof in [24] is based in the intrinsic monotonicity
property satisfied by the (intrinsic) volume growth Vol(B
N
t )
Vol(Bb,mt )
of such immersions. Here,
we shall denote as Bb,mt the geodesic t-ball in the real space form IK
m(b), and as Sb,m−1t
the geodesic t-sphere in IKm(b). On the other hand, we can find also in Lemma 4 in
[35] an extrinsic approach to the use of the monotonicity formula of the extrinsic volume
growth Vol(Dt)
Vol(Bb,mt )
to prove that a minimal hypersurface ϕ : Pn−1 → Rn is proper when the
extrinsic volume growth is finite, (a more restrictive hypothesis than our condition (1.1)).
This approach inspires the interplay between the intrinsic and the extrinsic distances
used in [24] to prove the properness of a minimal immersion in a Cartan-Hadamard man-
ifold as well as our own way to prove Theorem 1.1, where we obtain a characterization
of properness for non-minimal immersions in a broader family of ambient Riemannian
manifolds, namely, the Riemannian manifolds with bounded geometry.
Recall that a complete and non-compact Riemannian manifold N is a manifold with
bounded geometry if its sectional curvatures KN are bounded from above, KN ≤ b, (b ∈
R+), and its injectivity radius i0(N) = Inf{iN (p) : p ∈ N} is positive i0(N) = i0 >
0. We must remark that Cartan-Hadamard manifolds are simply connected Riemannian
manifolds with bounded geometry, being b = 0 and i0(N) =∞ in this case.
In fact, we have used a comparison for the volume of geodesic balls in a submanifold
with controlled Lp norm of its mean curvature immersed in such ambient manifolds, sta-
blished by M.P. Cavalcante, H. Mirandola and F. Vitorio in [7] as a part of the proof of
their Theorem B. We follow a similar vein of reasoning that these authors, but for different
purposes: while they prove that the volume of the ends of the submanifold is infinite, we
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characterize the properness of the immersion (see Remarks 1.2 and 3.2 where we try to
relate both facts).
In this regard, we have obtained the following theorem for submanifolds with bounded
Lp-norm of their mean curvature vector, immersed in a Riemannian manifold with bounded
geometry.
Theorem 1.1. Let ϕ : Pm −→ Nn be an isometric immersion of a complete non-compact
manifold Pm in a manifold N with bounded geometry. Assume that the mean curvature
vector of ϕ satisfies ‖ ~HP ‖Lp(P ) <∞, for one m ≤ p ≤ ∞.
Then, Pm is properly immersed inNn if and only if Vol(ϕ−1(BNt )) <∞ for all t > 0,
where BNt denotes any geodesic ball of radius t in the ambient manifold N .
Remark 1.2. Applying Theorem B of [7] to an isometric immersion ϕ : Pm −→ Nn as
in Theorem 1.1 we have that Vol(P ) = ∞. In Remark 3.2 we shall extend this comment
to the ends of P , as in Theorem B in [7].
As a corollary, we have immediately that CMC surfaces are properly immersed when
inequality (1.1) is satisfied:
Corollary 1.3. Let ϕ : Pm −→ Nn be an isometric immersion of a complete non-compact
manifold Pm in a manifold N with bounded geometry. Assume that the mean curvature
vector of ϕ has constant length.
Then, Pm is properly immersed in Nn if and only if, for all t > 0, the extrinsic ball
ϕ−1(BNt ) of radius t has finite volume Vol(ϕ
−1(BNt )) <∞.
A more classical approach to the study of the relationship between geometric invariants
and properness of an immersion ϕ : Pm → Nn encompasses bounds on the total extrinsic
curvature
∫
P
‖BP ‖2dσ, whereBP denotes the second fundamental form of the immersion.
Note that when we consider minimal immersions of dimension two in the Euclidean space
Rn, this total extrinsic curvature agrees with total absolute curvature
∫
P
|KP |dσ, where
KP denotes the Gaussian curvature of the surface P .
Concerning this relation among the total (extrinsic) curvature of an immersion and its
properness, S. Muller and V. Sverak proved in [27] that a complete and oriented surface
ϕ : M2 → Rn with finite total extrinsic curvature ∫
M
‖BM‖2dσ <∞ is proper.
Within this study of the behavior at infinity of complete and minimal immersions with
finite total extrinsic curvature, it was also proven by M. T. Anderson in [1] and by G. de
Oliveira in [29] that the immersion of a complete and minimal submanifold Pm in Rn or
Hn(b) satisfying
∫
P
‖BP ‖mdσ <∞ is proper and that Pm has finite topology.
At this point we should mention the results by G. P. Bessa et al. reported in [2] and
in [3], where new conditions have been stated on the decay of the extrinsic curvature for
a completely immersed submanifold Pm in the Euclidean space ([2]) and in a Cartan-
Hadamard manifold ([3]), which guarantees the properness of the submanifold and the
finiteness of its topology.
In the second of our main results we deal with the relation among total curvature and
properness, proving that finiteness of total curvature is not a necessary condition for proper-
ness. In order to state the theorem, we recall that given a compact subset D ⊂ M of a
Riemannian manifold M , an end E M with respect to D is a connected unbounded com-
ponent of M \ D. From now on, when we say that E is an end, it is implicitly assumed
that E is an end with respect to some compact subset D ⊂M (see [23] and [14]).
Theorem 1.4. Let ϕ : M2 −→ Nn be a complete Riemannian 2-manifold immersed in a
complete Riemannian manifold Nn. Suppose that M has finite topological type, and has
non-positive Gaussian curvature, KM ≤ 0. Let us suppose moreover that for any t > 0,
(1.2) Vol(ϕ−1(BNt )) <∞.
If every end E of M satisfies
∫
E
|KM |dσ =∞ then M2 is properly immersed in Nn.
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Remark 1.5. Observe that:
(1) This theorem can be stated on an end E ⊆ M of a complete Riemannian 2-
manifold immersed in a complete Riemannian manifold Nn, ϕ : M2 → Nn,
assuming that KM ≤ 0 on E, that Vol(ϕ−1(BNt ) ∩ E) < ∞ ∀t > 0 and that∫
E
|KM |dσ =∞, and concluding that E is properly immersed in N .
(2) None of the three assumptions of this result, namely, finiteness of the volume
of extrinsic balls, non-positive Gaussian curvature of the submanifold and infinite
total curvature of its ends, can be avoided, as we can see in the following examples.
In first place, we need to assume that the volume of the extrinsic balls ϕ−1(BNt )
is finite for all radius t > 0. An example of non-proper immersion with non-
positive curvature, infinite total curvature and having extrinsic balls with infi-
nite volume is Nadirashvili’s minimal labyrinth ϕ : M2 −→ R3 (see [28]).
This surface has positive first eigenvalue of the Laplacian, λ1(M) > 0, so it
is hyperbolic, (see [20]). Hence, it has infinite total curvature and infinite vol-
ume, (see [21] and [34]). On the other hand, we have that ϕ(M) ⊆ BR31 , so
Vol(ϕ−1(BR
3
1 )) = Vol(M) =∞.
Other example of surfaces which do not satisfy the hypothesis on the volume of
the extrinsic balls in our theorem are the helicoidal-Scherk examples constructed
in [30]. They are simply connected minimal surfaces ϕ : M2n,h → H2 × R em-
bedded in H2 × R which are not properly embedded. They are invariant under
discrete subgroups of isometries G ofH2×R generated by translations and screw
motions, and if we consider the quotient of M2n,h by a subgroup of G, these sur-
faces have finite total curvature. However, the surfaces M2n,h have infinite total
curvature. They also have non-positive Gaussian curvature. These surfaces accu-
mulates to a subset of a cylinder in H2 ×R, so we have, fixing a pole o ∈ H2 ×R
and using the argument given in the proof of Theorem 1.1 (recall that Mn,h is
minimal), a sequence of points diverging in Mn,h and converging to a limit point
in H2 × R. We can consider now a sequence of (disjoint) geodesic balls centered
in these points. It is easy to see that the union B of all these geodesic balls is
included in some extrinsic ball ϕ−1(BH
2×R
R0
). We apply Lemma 3.1 to conclude
that Vol(ϕ−1(BH
2×R
R0
)) ≥ Vol(B) =∞.
Secondly, all the ends of the submanifold must have non-finite total absolute
curvature. Let us consider a complete and non-compact Riemannian manifold
M with dimension two, with constant Gaussian curvature −1 and finite volume
Vol(M) < ∞. As we mentioned above, a surface like this can be isometrically
immersed (via Nash immersion theorem) in a metric ball BN1 in RN for large
N . Obviously, is not properly immersed, it has negative curvature −1 and if we
consider any end E ⊆ M , we have that ∫
E
|KM |dσ ≤
∫
E
|KM |dσ = Vol(M) <
∞.
Finally, and concerning the assumption of non-positiveness of the Gaussian
curvature, we can consider the computational example given by a modified pseu-
doesphere S2, isometrically immersed in R3, given by the following parametriza-
tion
(1.3)

x =2
(
1 + sech (u) cos (v)
) · cos (u− tanh (u))
y =2
(
1 + sech(u) cos(v)
) · sin (u− tanh (u))
z =2 sech(u) sin(v)
for (u, v) ∈ [0,∞) × [0, 2pi). The two-dimensional volume of the extrinsic balls
of S2 is finite because, as can be showed numerically, the total two-dimensional
volume Vol(S2) of S2 is finite, Vol(S2) ≈ 25.509. Moreover, its total curvature
is infinite. This immersion is not proper because S2 accumulates to a circle (see
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FIGURE 1. Modified pseudoesphere given by parametrization (1.3). In
the left side u ∈ [0, 10], and in the right u ∈ [0, 15]. This surface has
finite total area, and hence, finite area of its extrinsic balls, and it has
infinite total curvature,
∫
S2
|K|dσ = ∞. But this immersion is not
proper because the image accumulates in the circle of radius 2 in the
plane {(x, y, z) ∈ R3 : z = 0}. This example shows that the hypothe-
sis KM ≤ 0 is needed in order to state theorem 1.4.
figure 1), but we must notice that S2 has points where its Gaussian curvature is
positive.
To prove Theorem 1.4 we use Lemma 4.1, which is an intrinsic version of the proof,
given in [25], that the injectivity radius inj(M) of a complete embedded minimal surface
M in R3 of finite topology is positive. In this paper the authors proved that, if we assume
that inj(M) = 0, then there exists an end of the surface E ⊆ M that has finite absolute
total curvature.
A corollary of Theorem 1.4 and the fact that every 2-dimensional manifold with finite
total absolute curvature is parabolic (see [21]) is following:
Corollary 1.6. Let ϕ : M2 −→ Nn be a complete Riemannian 2-manifold immersed in
a complete Riemannian manifold Nn. Suppose that M has finite topological type, non-
positive Gaussian curvature, KM ≤ 0, and that all its ends are hyperbolic. Let us suppose
moreover that for any t > 0,
(1.4) Vol(ϕ−1(BNt )) <∞.
Then, M2 is properly immersed in Nn.
We have adapted, on the other hand, the techniques used in Lemma 4.1, to relate the
curvature and the topology of a complete and non-compact 2-Riemannian manifold, using
of the notion of geodesic ray and the study of the focal points of the transverse Jacobi fields
to a submanifold. In particular, we have explored the relation between the minimal focal
distance of a geodesic ray and the total curvature of an end containing that geodesic ray.
Before to state our last main result, we present some definitions. Recall that, given
a Riemannian manifold (Mn, g), a geodesic γ : [0,∞) → M emanating from p ∈ M
parametrized by arc-length is called a ray emanating from p if
distM (γ(t), γ(s)) = |t− s|
for all t, s ≥ 0 (see for instance [32]). Whenever one has a geodesic ray γ in a surface
M , one can construct, for any t > 0, the subset Ωtγ of the normal bundle Tγ
⊥ of γ in M
defined by
(1.5) Ωtγ :=
{
(p, ξ) ∈ Tγ⊥ : |ξ| < t} .
Denoting by exp⊥ the restriction of the exponential map to the normal bundle one can
define the minimal focal distance minfoc (γ) of the geodesic ray γ as (see also §2 and
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[17]) the maximum t > 0 such that the map
(1.6) exp⊥ : Ωtγ → exp⊥(Ωtγ) ⊂M
is a diffeomorphism.
Finally, we say that a geodesic ray γ emanating from p ∈ M belongs to the end E (or
equivalently, that E contains the ray γ), when γ(t) ∈ E for any t large enough. At this
point, we recall that an end can be also defined as an equivalent class of cofinal rays, (two
rays in M , α(t) and β(t) are cofinal iff for every compact set K ⊆M , there exists t0 such
that if t1, t2 ≥ t0, then α(t1), β(t2) lie in the same connected component of M −K).
We have obtained the following intrinsic result:
Theorem 1.7. Let M2 be a complete, non compact and orientable surface with finite
topology and non-positive Gaussian curvature, KM ≤ 0 . Suppose that there exist a
geodesic ray γ ⊆M with zero minimal focal distance, minfoc (γ) = 0. Then inj(M) = 0
and, moreover, γ belongs to an end Eγ ⊂M of finite total curvature,
∫
Eγ
|KM |dσ <∞.
We shall finish this introduction with an example:
Example 1.8. When M has negative curvature, we can use [17, Corollary 8.6] to see that
if Vol(M) < ∞, then every ray γ has minfoc (γ) = 0 (and hence by using theorem 1.7,
every end of M has finite total curvature). However, there exist manifolds with negative
curvature satisfying that every ray γ has minfoc (γ) = 0 and with Vol(M) = ∞, as it is
easy to check considering the 2-Riemannian manifold Σ = R×w S1 with warping metric
gΣ = dt
2 + w2(t)dθ2 = dt2 + sinh
(−t+√t2 + 1)2 dθ2.
Observe that Σ has finite topological type. Indeed, Σ has the topological type of R×S1
and, therefore Σ has zero genus and two ends. Given  > 0, let us consider the compact
domain Ω ⊂ Σ given by Ω = [−, ] × S1. Σ has, hence, two ends with respect to Ω,
namely:
(1.7)
E− := (−∞,−)× S1
E+ := (,+∞)× S1.
Both of the above ends are of infinite area 2pi
∫∞

sinh
(−t+√t2 + 1) dt =∞, and, since
(1.8) lim
t→∞ sinh
(
−t+
√
t2 + 1
)
= 0,
the end E+ is an shrinking end and hence every line in Σ has zero minimal focal distance.
In fact, E+ has finite total curvature, as it can be explicitly checked:
(1.9)
∫
E+
|KΣ|dV =
∫
E+
ω′′(t)dtdθ
= 2pi
∫ ∞

(
(y′(t))2 sinh(y(t)) + y′′(t)cosh(y(t))
)
dt ≈ 1.54308
when  goes to zero.
1.1. Outline. In section §.2 we present some basic tools, based in the Jacobi index the-
ory, we use: first, a key comparison result for the Laplacian of the extrinsic distance in a
submanifold. Secondly, and to define the notion of tube around a submanifold immersed
in a Riemannian manifold, we present the transverse Jacobi fields to a submanifold and
the normal exponential map in relation of the minimal focal distance of this submanifold.
In Section §.3 we state and prove Theorem 1.1. In Section §.4, we prove Theorem 1.4.
Finally, we shall prove Theorem 1.7 in Section §.5. In Section §.6 we have studied some
consequences of Theorem 1.7.
1.2. Acknowledgments. We would like to thank useful conversations with A. Alarco´n,
A. Hurtado, L. Jorge, F. Lo´pez, and J. Pe´rez.
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2. PRELIMINARIES
2.1. Extrinsic distance balls. Throughout the paper we assume that ϕ : Pm → Nn is an
isometric immersion of a complete non-compact Riemannian m-manifold Pm into a com-
plete Riemannian manifoldNn with bounded geometry. We shall refer P as a submanifold
of N .
Given a point o ∈ N , for every x ∈ Nn − Cut{o} we define ro(x) = distN (o, x), and
this distance is realized by the length of a unique geodesic from o to x, which is the radial
geodesic from o.
When ϕ−1(N − Cut{o}) 6= ∅, we also denote by r the composition
ro ◦ ϕ : ϕ−1(N − Cut{o}) ⊆ P → R+ ∪ {0}
This composition is called the extrinsic distance function from o in Pm. The gradients
of ro in N and r in P are denoted by ∇Nro and ∇P r, respectively. Then we have the
following basic relation, by virtue of the identification, given any point x ∈ P , between
the tangent vectors X ∈ TxP and ϕ∗x(X) ∈ Tϕ(x)N
(2.1) ∇Nro = ∇P r + (∇Nro)⊥
where (∇Nro)⊥(ϕ(x)) is perpendicular to TxP for all x ∈ P .
Definition 2.1. Given ϕ : Pm −→ Nn an isometric immersion of a complete and
connected Riemannian m-manifold Pm into a complete Riemannian manifold Nn with
bounded geometry, we denote the extrinsic metric balls of radius t > 0, (t ≤ min{i0(N), pi√b})
and center o ∈ N by Dt(o). They are defined as the subset of P :
Dt(o) :=
{
x ∈ P : r (x) < t
}
= ϕ−1
(
BNt (o)
)
where BNt (o) denotes the open geodesic ball of radius t centered at the point o in N
n.
Note that the set ϕ−1(o) can be the empty set.
The extrinsic balls are the sublevel sets of the extrinsic distance function.
2.2. Transverse Jacobi fields and the normal exponential map to a submanifold. Let
ϕ : Pm → Nn be an isometric embedding of a complete non-compact Riemannian
m-manifold Pm in a Riemannian manifold N . Let us identify P with the zero section
O(TP⊥) of the normal bundle TP⊥ of P in N . Then, (cfr. [32], [17]), we have that
expTP⊥∗(p,0)
: T(p,0)TP
⊥ → TpN is an isomorphism for each p ∈ P , because for all
p ∈ P , we have the decomposition TpN = TpP ⊕ TpP⊥ = T(p,0)TP⊥. Then, applying
the inverse mapping theorem, we have that expTP⊥ : TP
⊥ → N is a diffeomorphism if it
is restricted to an open neighborhood ΩP of P in TP⊥. We also shall denote expTP⊥ as
exp⊥. Note that for any point q ∈ expTP⊥(ΩP ) there exists a unique minimal geodesic γ
parametrized by arc length from a point of P to q which realizes the distance distN (q, P ).
This geodesic γ is perpendicular to P .
Definition 2.2. (See [17]). Let γξ(t) in N a geodesic normal to P at t = 0. The point
q = γξ(t0) is a cut-focal point along γξ provided the distance from q to P is no longer
minimized along γξ after q. In other words, beyond the point q, there is a point in the
geodesic q˜ ∈ γξ such that the distance of q˜ to P is less than the distance of q to P , and it is
realized by another geodesic γ˜ξ that contains q˜ and meets P orthogonally.
Definition 2.3. Given the unitary normal bundle STP⊥ to P in N , i.e.,
STP⊥ :=
{
(p, ξ) ∈ TP⊥ : ‖ξ‖ = 1} .
One has the following function ec : STP⊥ → R defined as
ec(p, ξ) := sup
t>0
{
t : distN (exp⊥(p, tξ), P ) = t
}
.
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Remark 2.4 (See [17]). The set ΩP where exp⊥ is a diffeomorphism can be written as
ΩP =
{
(p, tξ) ∈ STP⊥ : 0 ≤ t < ec(p, ξ)
}
.
Definition 2.5 (See [17]). The minimal focal distance of P in N is defined as
minfoc (P ) := inf
(p,ξ)∈STP⊥
{ec(p, ξ)} .
Remark 2.6. When P is a point p, the minimal focal distance coincides with the injectivity
radius at p.
Definition 2.7. Given ϕ : Pm −→ Nn a submanifold of a Riemannian manifold N , and
a number t ≤ minfoc (P ). The tube of radius t about P in N is the set
Tt(P ) := {x ∈ N : distN (x, P ) ≤ t} .
Remark 2.8. Since t ≤ minfoc (P ) in the above definition and by virtue of Remark 2.4,
Tt(P ) = {x ∈ N : ∃ a geodesic γ starting at x, length L(γ) ≤ t meeting P orthogonally}
and moreover,
Tt(P ) = expTP⊥
({
(p, ξ) ∈ TP⊥, with ‖ξ‖ ≤ t}) ⊆ expTP⊥ (ΩP ) .
Definition 2.9 (See [32, 17]). Let γξ(t) be a geodesic in N normal to P at t = 0. The
point q = γξ(t0) is a focal point along γξ if there exists a nonzero P -Jacobi field Y (t)
along γξ such that Y (t0) = 0. We call t0 its focal value. Given p ∈ P and ξ ∈ STP⊥, let
us denote as ef (p, ξ) the first of these focal values along the normal geodesic starting at p.
Remark 2.10 (See [32, Lemma 4.8 in Chapter II]). The point q = γξ(t0) is a focal point
along γξ if and only if rank exp⊥∗(t0ξ) < m. Then,
ef (p, ξ) = inf
t>0
{
t : rank
(
exp⊥∗(tξ)
)
< m
}
.
Remark 2.11 (See [32, Lemma 2.11 in Chapter III]). Given (p, ξ) ∈ STP⊥, the relation
among focal points and cut-focal points along the geodesic normal to P , γξ(t), is given by:
(2.2) ec(p, ξ) ≤ ef (p, ξ)
The following Proposition shows that, when P is totally geodesic in N , and N has
non-positive sectional curvatures, the normal exponential map is a local diffeomorphism,
as occurs with the exponential map.
Proposition 2.12. There are not focal points along a normal geodesic to a totally geodesic
submanifold P in a manifold of non-positive curvature N .
Proof. The proof is based on the convexity of the norm of Jacobi fields. Let γξ(t) be a
geodesic in N normal to P at t = 0 (namely, γξ(0) = p ∈ P and γ′ξ(0) = ξ ∈ TpP⊥). Let
us suppose that q = γξ(t0) is a focal point along γξ, i.e., there exist a nonzero P -Jacobi
field Y (t) along γξ such that Y (t0) = 0. Then, Y (0) ∈ TpP and Y ′(0) − Aξ(Y (0)) ∈
TpP
⊥, being Aξ the Weingarten map of P .
Let us define F (t) = 〈Y (t), Y (t)〉. Then, F ′(t) = 2〈Y ′(t), Y (t)〉 and
(2.3)
F ′′(t) =2‖Y ′(t)‖2 + 2〈Y ′′(t), Y (t)〉
=2‖Y ′(t)‖2 − 2K (γ′ξ(t), Y (t)) ‖γ′ξ(t) ∧ Y (t)‖2
≥0,
because K
(
γ′ξ(t), Y (t)
)
≤ 0 ∀t and
(2.4)
〈Y ′′(t), Y (t)〉 = −
〈
R
(
Y (t) , γ′ξ (t)
)
γ′ξ(t), Y (t)
〉
= −K (γ′ξ (t) , Y (t)) · ∥∥γ′ξ (t) ∧ Y (t)∥∥2 .
MEAN CURVATURE, VOLUME AND PROPERNESS 9
On the other hand, F (0) = ‖Y (0)‖2 ≥ 0 and F (t0) = ‖Y (t0)‖2 = 0. We are going to
compute F ′(0). Since Y ′(0)−Aξ(Y (0)) = Z(p) ∈ TpP⊥ and Y (0) ∈ TpP ,
(2.5)
F ′(0) =2 〈Y ′ (0) , Y (0)〉 = 2 〈Aξ (Y (0)) , Y (0)〉
=2
〈
BP (Y (0), Y (0)) , ξ
〉
But P is totally geodesic, so F ′(0) = 0. Moreover, using inequality (2.3) and since
Y ′(0) 6= 0 (because Y (t) is a nonzero vector field, see [15, Chap. 5, Corollary 2.5 and
Remark 2.6]) then F ′′(0) > 0.
Hence, for t > 0 sufficiently small,
F (t) = F (0) + F ′(0)t+
F ′′(0)
2
t2 +O(t3) > F (0) ≥ 0
Since F ′′(t) ≥ 0, then F ′(t2) ≥ F ′(t1) when t2 ≥ t1. Therefore F (t) > 0 for all
t > 0. 
2.3. The volume of a tube around a curve. Let us consider a curve σ ⊆ N as a subman-
ifold of the ambient Riemnnian manifold N , using the inclusion map i : σ −→ N . We
have the following result, which is proved in [17],
Theorem 2.13 (See [17, Corollary 8.6]). Let σ be a curve with finite length L(σ) in a
Riemannian manifold Mn. Then, if KM ≤ 0, we have, for 0 ≤ r < minfoc (σ), that
(2.6) Vol(Tr(σ)) ≥ (pir
2)
n−1
2
( 12 (n− 1))!
L(σ).
Remark 2.14. Note that (pir
2)
n−1
2
( 12 (n−1))!
L(σ) corresponds to the volume of the tube of radius r
around a curve with length L(σ) in Rn.
Corollary 2.15. Let γ be a geodesic ray on a complete manifold M with non-positive
curvature KM ≤ 0. Suppose that minfoc (γ) > 0, then for any 0 < r < minfoc (γ),
Vol(Tr(γ)) =∞.
Proof. Let us consider a partition of γ = ∪∞i=1γi, where γi is a geodesic segment with finite
length L(γi). As KM ≤ 0, one has that, as a consequence of Hotelling’s tube formula,
(see also [17, Corollary 8.6] and the above theorem), that for any 0 < r < minfoc (γ),
Vol(Tr(γi)) ≥ (pir
2)
n−1
2
( 12 (n− 1))!
L(γi) ∀i = 1, ...,∞
Then, since Tr(γ) = ∪∞i=1Tr(γi), we have
(2.7) Vol(Tr(γ)) =
∞∑
i=1
Vol(Tr(γi)) ≥ (pir
2)
n−1
2
( 12 (n− 1))!
∞∑
i=1
L(γi) =∞

3. PROOF OF THEOREM 1.1
In this section we shall prove the first of the main results of this paper.
In order to help the reader, we shall present again the statement of the result:
Theorem. Let ϕ : Pm −→ Nn be an isometric immersion of a complete non-compact
manifold Pm in a manifold N with bounded geometry. Assume that the mean curvature
vector of ϕ satisfies ‖ ~HP ‖Lp(P ) <∞, for one m ≤ p ≤ ∞.
Then, Pm is properly immersed in Nn if and only if Vol(ϕ−1(BNt )) <∞ for all t > 0,
where BNt denotes any geodesic ball of radius t in the ambient manifold N .
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Proof. First of all we shall need the following estimate for the volume of the geodesic balls
of a submanifold with bounded mean curvature immersed in a Riemannian manifold with
bounded geometry given in the proof of Theorem B in the paper [7]:
Lemma 3.1 (See Theorem B in [7]). Let ϕ : Pm −→ Nn be an isometric immersion of
a complete non-compact manifold Pm in a manifold N with bounded geometry. Assume
that the mean curvature vector of ϕ satisfies ‖ ~HP ‖Lp(P ) <∞, for one m ≤ p ≤ ∞.
Then, given a fixed p0 ∈ P there exists ρ0 sufficiently large and a positive constant
K > 0 such that, for all p ∈ P −BP2ρ0(p0), and for all ρ ≤ ρ0, we have
(3.1) Vol(BPρ (p)) ≥
1
2Km
ρm.
Now, to prove the result, let us suppose first that the immersion is proper. As N is
complete, then ϕ−1(BNt ) is compact for all t > 0 and hence, Vol(ϕ
−1(BNt )) <∞.
On the other hand, if we suppose that the immersion is not proper, then there exists
a point o ∈ N and geodesic R0- ball in N , B¯NR0(o), with compact closure, such that
ϕ−1(B¯NR0(o)) is not compact. As it is closed, then ϕ
−1(B¯NR0(o)) is not bounded in P .
Therefore, let us consider {pi}∞i=1 a sequence on points in ϕ−1(B¯NR0(o)), which diverges
in P and such that {ϕ(pi)}∞i=1 converges to a limit point p ∈ N .
Given p0 the first point of the sequence, and applying Lemma 3.1, there exists ρ0 suffi-
ciently large and a positive constant K > 0 such that, for all p ∈ P − BP2ρ0(p0), and for
all ρ ≤ ρ0, we have
(3.2) Vol(BPρ (p)) ≥
1
2Km
ρm.
On the other hand, as the sequence {pi}∞i=1 diverges in P , we know that {pi}∞i=n0 ⊆
P −BP2ρ0(p0) for some n0 ∈ N.
Let us consider now, given the quantity ρ0, a subsequence of {pn}∞n=1 formed by points
pn satisfying distP (pn, pn+1) > ρ0 ∀n ∈ N, (see Remark 3.2). Now, we shall consider
the geodesic balls BPρ0/2(pn).
With these radius, the balls BPρ0/2(pn) are pairwise disjoint. Moreover, we have that,
by Lemma 3.1, Vol(BPρ0/2(pn)) ≥ 12Km (
ρ0
2 )
m for all n ≥ n0.
Let us see that ∪∞n=n0BPρ0/2(pn) ⊆ DR0+ρ0/2(o) = ϕ−1(BNR0+ρ0/2(o)). For that, let
us consider x ∈ ∪∞n=n0BPρ0/2(pn). Then, there exists n1 ≥ n0 such that x ∈ BPρ0/2(pn1),
so, as pn1 ∈ ϕ−1(B¯NR0(o)), we have
(3.3)
distN (ϕ(x), o) ≤distN (ϕ(x), ϕ(pn1)) + distN (ϕ(pn1), o)
≤distP (x, pn1) +R0
≤ρ0/2 +R0
Then, as we know, for all n ≥ n0, that Vol
(
BPρ0/2(pn)
)
≥ 12Km (ρ02 )m > 0, then
(3.4)
Vol(DR0+ρ0/2) ≥ Vol
( ∞⋃
n=n0
BPρ0/2(pn)
)
≥
∞∑
n=n0
Vol
(
BPρ0/2(pn)
)
≥
∞∑
n=n0
1
2Km
(
ρ0
2
)m =∞
which is a contradiction with the hypothesis. 
Remark 3.2. When we consider {qi}∞i=1 a sequence on points which diverges in P , (in
the sense that limn→∞ dP (q1, qn) = ∞), and given a fixed point p0 ∈ P and the radius
ρ0 as in Lemma 3.1 it is always possible to choose a subsequence {qk}∞k=1 ⊆ P and one
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radius δ = dP (q1, q2) such that BPδ (qk) ∩ BPδ (qk′) = ∅ for all sufficiently large k 6= k′
and such that, for all k ≥ k0, BPδ (qk) ⊆ P −BP2ρ0(p0) in such a way that
Vol(P ) ≥ Vol
( ∞⋃
k=k0
BPδ (qk)
)
≥
∞∑
k=k0
Vol
(
BPδ (qk)
) ≥ ∞∑
k=k0
1
2Km
δm =∞
In particular, given a point p0 ∈ P and the radius ρ0 as in Lemma 3.1, if we consider, as
in the paper [7], an end E ⊆ P with respect the ball BP2ρ0(p0), we can choose a sequence
of points q2, q3, ... in P such that
qk ∈ E ∩ (BP2kρ0(p0)−BP(2k−1)ρ0(p0))
Then, limk→∞ dP (q2, qk) = ∞. Moreover, for all 0 < R ≤ ρ0 and for all k ≥ 2,
BPR(qk) ⊆ E − BP2kρ0(p0)), because dP (qk, p0) > (2k − 1)ρ0 > 2ρ0, and BPR(qk) ∩
BPR(qk′) = ∅. Hence, fixing a radius 0 < R ≤ ρ0,
Vol(E) ≥ Vol(E −BP2ρ0(p0)) ≥ Vol
( ∞⋃
k=2
BPR(qk)
)
≥
∞∑
k=2
Vol
(
BPR(qk)
) ≥ ∞∑
k=2
1
2Km
Rm =∞
4. PROOF OF THEOREM 1.4
In this section we shall prove Theorem 1.4. In order to help the reader, and as in Section
§.3, we shall present again the statement of the results.
4.1. A previous lemma: on the positiveness of the injectivity radius. In the paper [25]
it is proved that the injectivity radius inj(M) of a complete embedded minimal surface M
in R3 of finite topology is positive, by showing that, if we assume that inj(M) = 0, then
there exists an end of the surface E ⊆ M that has finite absolute total curvature so as E
is complete and embedded, it is asymptotic to a half catenoid or the end of a plane and the
injectivity radius ofM restricted to E is bounded away from zero, which is a contradiction
and hence inj(M) > 0. From an intrinsic point of view, we can state this result as follows
proving it with exactly the same argument that in [25]:
Lemma 4.1. (See [25]) Let M be a complete and non-compact 2-Riemannian manifold
with finite topology, non-positive curvature KM ≤ 0 and with zero injectivity radius
inj(M) = 0. Then, there exists and end E ⊆M such that ∫
E
|KM |dσ <∞.
Proof. Recall that the injectivity radius of p ∈M is defined as the supremum
injM (p) := sup
{
t > 0 | expp : BTpMt (0p)→ BMt (p) is a diffeomorphism
}
or, equivalently, injM (p) = distM (p, Cp), being Cp the cut-locus of p in M . The injectiv-
ity radius of M is defined as inj(M) := inf
p∈M
{injM (p)}.
If we assume that inj(M) = 0, there exists therefore a divergent sequence of points
{pn}∞i=1 of M such that limn→∞ injM (pn) = 0. Because on the contrary, if limn→∞ pn = p0 ∈
M , since injM : M → R+ defined as p→ injM (p) is continuous, then
injM (p0) = injM ( lim
n→∞ pn) = limn→∞ injM (pn) = 0,
and this is in contradiction with the fact that, for all p ∈ M , there exists a small positive
radius p > 0 such that the exponential map expp |BTpMp (0p) is a diffeomorphism onto an
open set in M .
On the other hand, M2 has finite topological type which is equivalent to be homeomor-
phic to the interior of a compact surface with boundary. Each connected component of this
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boundary is identified with an end of M and is homeomorphic in its turn to a punctured
disk. We call these ends annular ends.
Hence, there exists an annular endE ofM such that a divergent subsequence of {pn}∞n=1
is included in E.
Let γn be an embedded geodesic loop based at the point pn, which is smooth except
perhaps at pn. This loop exist since M has non-positive curvature and hence there are not
conjugate points aloneg γ. We know that the length of this loop is 2 injM (pn) and that the
external signed angle corresponding to the vertex pn is θn ∈ (−pi, pi).
Now, we are going to see that γn is not the boundary of a disk in M . If γn would be the
boundary of a disk in M , then Gauss-Bonnet theorem should imply that
(4.1)
∫
Ω
KMdσ = 2piχ(Ω)− θn > 0,
where we have used that χ(Ω) = 1 because Ω is assumed to be a disk. But taking into
account that KM ≤ 0, the above inequality is a contradiction.
Now, let us consider a compact annulus E(n) ⊂ E bounded by the geodesic loops T1
and Tn. Applying global Gauss-Bonnet theorem to the domain E(n), we have
(4.2) 0 = 2piχ (E(n)) =
∫
E(n)
KMdσ + θ1 + θn <
∫
E(n)
KMdσ + 4pi
Since the above inequality does not depend on n, E has finite absolute total curvature and
the lemma follows. 
Remark 4.2. Observe that from the proof of the above lemma if we have a divergent
sequence {pi}∞i=1 of points contained in an annular end E ⊂ M , of a surface M with
non-positive curvature, and the sequence is such that
lim
n→∞ inj(pn) = 0.
Then ∫
E
|KM | dσ <∞.
4.2. Proof of Theorem 1.4. We are going to prove Theorem 1.4, which asserts:
Theorem. Let ϕ : M2 −→ Nn be a complete Riemannian 2-manifold immersed in a
complete Riemannian manifold Nn. Suppose that M has finite topological type, and has
non-positive Gaussian curvature, KM ≤ 0. Let us suppose moreover that for any t > 0,
(4.3) Vol(ϕ−1(BNt )) <∞.
If every end E of M satisfies
∫
E
|KM |dσ =∞ then M2 is properly immersed in Nn.
Proof. Let us suppose that M is not properly immersed. Then, there exists a geodesic ball
in N , B¯NR0(o), with compact closure, such that ϕ
−1(B¯NR0(o)) is not compact. Since it is
closed, then ϕ−1(B¯NR0(o)) is not bounded in M .
Therefore, as in the proof of Theorem 1.1, let us consider {pi}∞i=1 ⊆ ϕ−1(B¯NR0(o)) a
sequence on points which diverges in M and such that {ϕ(pi)}∞i=1 converges to a limit
point p ∈ N . Since the topology of M is finite, then there exists an annular end E such
that a divergent subsequence of {pn}∞n=1 is included in E. Denoting as {qn}∞n=1 such
subsequence, and given a positive quantity 1, let us choose a subsequence of {qn}∞n=1
formed by points qn satisfying distM (qn, qn+1) > 1.
If every end E has infinite total curvature, then applying Lemma 4.1, we have that
inj(M) = δ > 0. Hence, given the sequence {qn}∞n=1 formed by points qn satisfying
distM (qn, qn+1) > 1, we have that inf{injM (qi)}∞i=1 ≥ δ > 0, so we shall consider
now the geodesic balls BM (qi) with  < min{δ, 12 }, in such a way that they are pairwise
disjoint.
MEAN CURVATURE, VOLUME AND PROPERNESS 13
Now, we proceed as in the proof of Theorem 1.1 again, showing in the same way that
∞∪
i=1
BM (qi) ⊆ DR0+ = ϕ−1(BNR0+(o))
Then, sinceKM ≤ 0 and  < inj (M), we have, by using Bishop’s-Gromov comparison
theorem, that Vol(BM (qi)) ≥ Vol(BR
n
 ), thus
(4.4)
Vol
(
ϕ−1(BNR0+(o))
) ≥Vol( ∞∪
i=1
BM (qi)
)
≥
∞∑
i=1
Vol
(
BM (qi)
) ≥ ∞∑
i=1
Vol
(
BR
n

)
=∞
which is a contradiction with the hypothesis. Hence, M is properly immersed.

5. PROOF OF THEOREM 1.7
In this section, we shall prove Theorem 1.7, which asserts:
Theorem. Let M be a complete, non compact and orientable surface with finite topology
and non-positive Gaussian curvature, KM ≤ 0 . Suppose that there exist a geodesic
ray γ ⊆ M with zero minimal focal distance, minfoc (γ) = 0. Then inj(M) = 0 and,
moreover, γ belongs to an end Eγ ⊂M of finite total curvature,
∫
Eγ
|KM |dσ <∞.
Proof. Since γ is a geodesic ray such that minfoc (γ) = 0, then
(5.1) inf
(p,u¯)∈STγ⊥
ec(p, u¯) = 0
with STγ⊥ being the unitary normal bundle of γ in M . Hence, there exist a sequence of
points
{(pn, u¯n)}∞n=1 ⊂ STγ⊥
such that
(5.2) lim
n→∞ ec(pn, u¯n) = 0.
Since ec is continuous, {(pn, u¯n)}∞n=1 diverges in the unitary normal bundle STγ⊥, be-
cause on the contrary, if (po, u¯0) = limn→infinity(pn, u¯n), then ec(p0, u¯0) = 0 which is a
contradiction with the fact that exp⊥ is a diffeomorphism in an open set Ωγ , (see Remark
2.4).
Taking into account that ‖u¯n‖ = 1 ∀n, then {pn}∞n=1 diverges in M and then, as the
topology ofM is finite, there exists an annular endEγ such that a divergent subsequence of
{pn}∞n=1 is included inEγ (in fact, the ray γ is included inEγ). We are going to prove that
the infimum of the injectivity radius of such a subsequence is zero and hence by applying
lemma 4.1 (see remark 4.2) Eγ has finite total curvature.
Let αpnu¯n : [0,∞)→ M be the geodesic curve starting at pn (αpnu¯n(0) = pn) with initial
velocity u¯n (α˙
pn
u¯n(0) = u¯n). Then, the points
(5.3) qn = α
pn
u¯n (ec (pn, u¯n))
are cut-focal points of γ, where the distance from pn is no longer minimized along α
pn
u¯n
after qn. By definition, thus,
(5.4) Ln := distM (pn, qn) = ec (pn, u¯n) .
Hence, by using the limit (5.2), we have that lim
n→∞Ln = 0 so, for any  > 0, there exists
N large enough such that for any n > N
(5.5) distM (pn, qn) < .
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Therefore, there exists a divergent subsequence of cut-focal points {qn}∞n=1 included in
the same end Eγ .
Let us consider now
Ωγ :=
{
(p, tu¯) ∈ STγ⊥, 0 ≤ t < ec(p, u¯)
}
.
It is known (see remark 2.4) that exp⊥ : Ωγ → exp⊥(Ωγ) is a diffeomorphism and that
the boundary ∂ exp⊥(Ωγ) of exp⊥(Ωγ) is the set of cut-focal points of γ. Hence, there
exists an infinite divergent sequence of {qn}∞n=1 in Eγ ∩ ∂ exp⊥(Ωγ).
For these cut-focal points qn, either there is more than one minimizing geodesic joining
qn and γ or ker
(
exp⊥∗q
) 6= {0}. But this last possibility implies that qn is a focal point of γ
in M , and this is not possible because γ is a totally geodesic submanifold in the negatively
curved manifold M , see Proposition 2.12.
Therefore, given a point pn ∈ Eγ , let us consider the cut-focal point qn ∈ Eγ , being
αpnu¯n(t) the geodesic which realizes the distance Ln = ec(pn, u¯n) from pn ∈ γ to qn.
This geodesic meets γ orthogonally at the point pn. Since exp⊥ is not injective when
we restrict ourselves to the set of cut-focal points, then there exists another geodesic βn
minimizing the distance between qn and γ. This geodesic will meet γ orthogonally at the
point rn ∈ γ ⊆ Eγ .
Now, let us consider the geodesic triangle Tn ⊆ Eγ passing through the vertices pn, qn
and rn, formed by the union of the geodesics γ, α
pn
u¯n and βn, namely Tn = γ ∪ αpnu¯n ∪ βn.
Since αpnu¯n and βn meet γ orthogonally, the external signed angles corresponding to the
vertices pn and rn are±pi2 and the angle between αpnu¯n and βn at the point qn, θn ∈ (−pi, pi).
At this point, we should note that qn is not a cusp, (namely, |θn| 6= pi), because in this case
αpnun and βn should be the same geodesic. Therefore, the sum of the signed angles is
(5.6) − 2pi < Sum of the external signed angles of Tn < 2pi
Observe, that in the particular case when rn = pn we have a geodesic loop.
Let us going now to see that Tn can not bound a disk. To see this, let us suppose that
Ω ⊆ Eγ is a disk such that ∂Ω = Tn. Since Tn is a piecewise curve formed by geodesic
segments, by applying Gauss-Bonnet theorem
(5.7)
∫
Ω
KMdσ > 2piχ(Ω)− 2pi = 0,
where we have used that χ(Ω) = 1 because Ω is assumed to be a disk. But taking into
account that KM ≤ 0, the above inequality is a contradiction.
Finally, to see that inj(M) = 0, we are going to show that injM (pn) ≤ 4Ln, and hence,
lim
n→∞ injM (pn) ≤ 4 limn→∞Ln = 0. To do it, we shall prove first that Tn ⊆ B
M
4Ln
(pn) and
to see this, let us consider x ∈ Tn. Since Tn = γ ∪ αpnu¯n ∪ βn, we have that x ∈ γ, or
x ∈ αpnu¯n or x ∈ βn. Recall that distM (pn, qn) = distM (qn, rn) = Ln = ec(pn, u¯n).
Then:
If x ∈ αpnu¯n , then
(5.8) distM (pn, x) ≤ distM (pn, qn) ≤ Ln
If x ∈ βn, then
(5.9)
distM (pn, x) ≤distM (pn, qn) + distM (qn, x)
≤distM (pn, qn) + distM (qn, rn)
≤2Ln
Finally, if x ∈ γ, then, as distM (rn, pn) ≤ distM (pn, qn) + distM (qn, rn),
(5.10)
distM (pn, x) ≤distM (pn, qn) + distM (qn, rn) + distM (rn, x)
≤distM (pn, qn) + distM (qn, rn) + distM (rn, pn) ≤ 4Ln
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Hence Tn ⊆ BM4Ln(pn). If injM (pn) > 4Ln, then Tn (which can not bound a disk) is
included in a domain which is homeomorphic to a disk, which is a contradiction by using
the Jordan-Schoenflies theorem (see [4] for instance). 
6. ON THE MINIMAL FOCAL DISTANCE OF A GEODESIC RAY
As a first corollary of Theorem 1.7 we have the following result, assuming that the
surface has negative curvature. Namely:
Corollary 6.1. Let M be a complete, non compact, and orientable surface with finite
topology, non-positive Gaussian curvature KM ≤ 0 and such that every ray γ satisfies
that minfoc (γ) = 0. Then, M has finite total curvature,
∫
M
|KM |dσ <∞.
Proof. The proof of Corollary 6.1 follows directly from the hypothesis that all the rays in
M have zero focal distance and that M has finite topology. 
In this section we provide some analytic and geometric sufficient and necessary condi-
tions for the existence of geodesic rays with zero minimal focal distance. First of all, note
that as an immediate consequence of Corollary 2.15, we have the following:
Corollary 6.2. Let M be a complete, non compact, and orientable surface with non-
positive Gaussian curvature and finite area. Then, for any geodesic ray γ in M ,
(6.1) minfoc (γ) = 0.
Hence, in the non-positively curved setting, finite area implies zero minimal focal dis-
tance for any geodesic ray. Observe, however that the converse is in general false, see
for instance example 1.8 in Section §.1, where we have zero minimal focal distance for a
geodesic ray and infinite area. Nevertheless, by using Theorem 1.7 we can state
Corollary 6.3. Let M be a complete, non compact, and orientable surface with negative
Gaussian curvature KM ≤ b < 0 and finite topological type. Given a geodesic ray γ in
M , minfoc (γ) = 0 if and only if there exist an end Eγ with finite area such that γ belongs
to Eγ .
Therefore,
Corollary 6.4. Let M be a complete, non compact, and orientable surface with negative
Gaussian curvature KM < 0 and finite topological type. Suppose that every end of M
has infinite area. Suppose, moreover, that a geodesic ray γ in M has minfoc (γ) = 0.
Then, there exist an end Eγ such that γ belongs to Eγ and a divergent sequence of points
{pi}∞i=1 ⊂ Eγ , such that
(6.2) lim
i→∞
KM (pi) = 0.
Whence, the conclusion of the above corollaries becomes clear. In a negatively curved
surface of finite topological type the presence of a geodesic ray γ with zero minimal focal
distance implies that there exist an end containing γ with finite area or the end is asymp-
totically flat (in the sense of the limit (6.2)).
Remark 6.5. From Corollaries 6.1 and 6.2 we can conclude moreover that given M a
complete, non-compact and orientable surface with finite topology, finite area and non-
positive curvature, then M has finite total curvature.
K. Ichihara proved in [21] that if a surface (or an end) has finite total curvature, the
surface (or the end) is a parabolic surface (or end). The same is true if the surface (or end)
has finite total area. Hence,
Corollary 6.6. Let M be a negatively curved and orientable surface of finite topological
type, if every end of M is an hyperbolic end, then for any geodesic ray γ in M ,
(6.3) minfoc (γ) > 0.
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Moreover, if a surface (or an end) has positive fundamental tone, the surface is hyper-
bolic (see [20]). Recall that the fundamental tone λ∗(M) of a surface M is defined by
(6.4) λ∗(M) = inf{∫M |∇f |
2dA
∫M f2dA
; f ∈ L21,0(M) \ {0}}
where L21, 0(M) is the completion of C
∞
0 (M) with respect to the norm ‖ϕ‖2 =
∫
M
ϕ2 +∫
M
|∇ϕ|2.
From the definition of the fundamental tone, one readily concludes that for any end
E ⊂M
(6.5) λ∗(M) ≤ λ∗(E).
Thus,
Corollary 6.7. Let M be a negatively curved and orientable surface of finite topological
type, if M has positive fundamental tone λ∗(M) > 0, then for any geodesic ray γ in M ,
(6.6) minfoc (γ) > 0.
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